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ABSTRACT 
We determine the characteristic ycles of the cuspidal character sheaves which are supported by the 
closures of nilpotent orbits and are generically local systems of rank one on their supports. The 
crucial step of our proof is the description of the dual varieties of the nilpotent orbits of complex 
simple Lie algebras. 
I. INTRODUCTION 
Let G be a complex simple algebraic group, g = Lie(G) its Lie algebra, and 
0 = Ad(G)x a nilpotent orbit in g. In this paper, we shall describe the dual 
variety 0” c g*, i.e., the closure of the set of linear formsf on g such that the 
hyperplanes {f = 0) of g are tangent to 0. As a corollary of our description of 
O”, we determine the characteristic cycles of certain cuspidal character 
sheaves. 
Let us state our result more precisely. Let rX be the Lie algebra of a maximal 
torus TX of the centralizer Z,(x). Identifying g with its dual space g’ by the 
Killing form ( , ), we can express the dual variety 0” as 
0” = $JI; {u E g I (v> hAW-4) = 01. 
This expression is nothing but the definition, and what is important in the ap- 
plication is the next expression. 
Theorem 1.1. For a nilpotent orbit 0 = Ad(G)x in 9, we have 
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0” = Ad(G) . (x + tY). 
A nilpotent orbit 0 = Ad(G) . x or a nilpotent element x is called distinguished 
if t, = (0). 
Corollary 1.2. A nilpotent orbit 0 is distinguished ifand only if 
oV = 0. 
Let 0 be a nilpotent orbit and L a local system on it. We assume that (0, L) is a 
cuspidal pair in the sense of G. Lusztig [9, 431. (More precisely, in lot. cit., 
Lusztig considered a unipotent orbit instead of a nilpotent orbit, but we modify 
the definition in an obvious way.) Let IC(o, L) denote the IC-complex asso- 
ciated to (0, L). In other words IC(o, L) is the simple perverse sheaf which is 
supported by 0 and whose restriction to 0 is L[dim 01. 
Corollary 1.3. Assume that L is of rank one. Then the characteristic variety 
SS(IC(0, L)) is the conormal bundle T:Q. Its multiplicity along T;q is 1. (We 
define ‘characteristic variety’and ‘multiplicity’of a perverse sheqf to be those of the 
associuted regular holonomic D-module.) 
We can rewrite the above result in terms of the character sheaves as follows. 
Corollary 1.4. Let A be a cuspidal character sheaf on G whose support is the clo- 
sure of a unipotent orbit, suy C, andsuch that A(, is a local system of runk one (up 
to shaft). Then the characteristic variety %(A) is the conormal bundle T:G. Its 
multiplicity along T:G is 1. 
Remark 1.5. Put G := SpinN. Let C be the unipotent orbit which is associated 
tothepartitionN=1+5+9+13+~~~orN=3+7+11+15+~~~,andlet 
L be the local system on C given in [8, 14.41. Then A0 :== IC(c, L) is a cuspidal 
character sheaf supported by c, and all the cuspidal character sheaves sup- 
ported by unipotent orbits are exhausted by this one together with those ap- 
peared in (1.4). See [9, $3 and (4.4.1)] for the description of the character sheaves 
in terms of the cuspidal pairs, and see [8] for the cuspidal pairs. 
The same argument as the proof of (1.4) yields the inclusion relation 
T;G c SS(Ao) c u T&G, 
(“ 
where C’ runs over the distinguished unipotent orbits contained in c. Contrary 
to the rank one case considered in (1.4) we can not determine the characteristic 
variety of A0 at present. 
Remark 1.6. By the same argument as the proof of (1.3) we can show that the 
characteristic variety of any non-cuspidal character sheaf whose support is a 
distinguished unipotent orbit is not an irreducible variety. 
The paper consists of 4 sections. Theorem 1.1 is proved in 92, and Corollary 1.3 
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is proved in $3. In the argument of 93, we need some generalities concerning 
monodromic sheaves, which are given in 94. 
2. PROOF OF (1.1) 
First we give an easy lemma. 
Lemma 2.1. 14, Thdorkme 6.11 Let A be a connected linear algebraic group over 
C, T its maximal torus, and, a and t their Lie algebras. Then we have 
Ad(A) . Zn(i) = a. 
Proof. Our claim is a Lie algebra analogue of [l, IV, 11.101; the original claim is 
that the union of the A-conjugates of the Cartan subgroup Z,(t) contains a dense 
open set of A. In fact our proof goes essentially in the same way as follows. Take 
t E t, s E C”, and a one parameter subgroup X E Hom(C”, A) so that ZA(t) = 
ZA(t) =: C, {s” ) n E Z} is Zariski dense in C” and (dX)( 1) = t. Let c be the Lie 
algebra of C. Then we have 
(1) 
#{Ca ) a E A, Ad(a)t E c} 
= #{ Ca 1 Ad( c C} 
= #{Ca 1 Ad(a)X(s) E C} < co, 
where the finiteness of the last member appears in the proof of [l, IV, 11.101. 
Define the morphisms 
Axa%AxaL(A/C)xaLa 
by a(a, a’) := (a, Ad(a)a ,B( a, a’) := (aC, a’) and y(aC, a’) := a’. Then we can 
easily prove as in [l, IV, 11.91 that M := ,&(A x c) is a closed subvariety of 
dimension equal to dim A. Using (l), we can show that the fibre of y : 
~4 -+ y(M) (= Ad(A) . -G(t)) over t is finite, and hence that Ad(A) . Zn(f) is 
dense in a. q 
2.2. Proof of (1.1). Let 0 = Ad(G) . x be a nilpotent orbit of g. Its dual variety 
0” is the closure of 
=,‘;JG {z E g I (~3 [gi Adkbl) = 01 
=Ad(G) .{z E g I (z, [ax]) = 0) 
=Ad(G) . {z E g I ([x,zl> d = 0) 
=Ad(G) . Z,(x). 
Thus 0” can be expressed as 
0” = Ad(G) . Z,(x). 
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Obviously we have 
Ad(G) . (tx +x) c Ad(G) . Z,(x), 
where t, is the Lie algebra of a maximal torus TX of ZC(X). Therefore it is 
enough to prove that 
(1) Ad(G) . (ix + x) 3 Z,(x). 
Applying (2.1) to the identity component of the centralizer Z:(x) =: A and its 
maximal torus TX =: T, we get 
Ad(A) .(Z,(x) f-Z,(k)) = Z,(x). 
Therefore it is enough to prove that 
(2) Ad(G) . (t.x + 4 II Z,(x) n Z,(i,). 
Put I := Z,(t,), and let 1= 1’ + 8 be the decomposition into the semisimple part 
1’ := [I, r] and the center 8 of the reductive subalgebra I of 9. Then t, is con- 
tained in 3, and the nilpotent element x of Q belongs to I’. Take an s/z-triple x, h, 
y of I’ so that [h, x] = 2x, [h, y] = -2~ and [x, y] = h. Put 
(3) 
1; := {z E 1’ / [h,z] =jz} and 
lkj := @ 1;. _ 
k>j 
Then l\, is a Lie subalgebra of g. Let L\, be the corresponding connected 
subgroup of G. 
_ 
Now the right hand side of (2) is 
(4) Z,(x) r-7 (a @ 1’) = Z,(x) @ Z,!(X) 3 t, Q? Z,,(x), 
since x is an element of 1’. Because 8 = Z,(x) is the Lie algebra of a torus sub- 
group of ZC(X) and contains t,, we get Z,(x) = t,, and hence the second 
member of (4) is equal to the third member. Because we have 
Ad(L:,) . (L + x) = f, + Ad@:,) . x, _ 
it is enough to prove that 
(5) Ad(L>,) .x > Z,f(x). 
In general, we know [ll, III, 4.191 that 
Ad(L\,) x = lk2 and Z,!(x) c l:, _ _ 
Moreover, because x is a distinguished nilpotent element of I’, we get from [ll , 
III, 4.231 that 1; = 0 for odd j and that 
and hence we get (5). 0 
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3. PROOF OF (1.3) 
Let (0, L) be a cuspidal pair, and K ‘:= IC(c), J!.) the associated IC-complex. At 
the beginning of the proof we do not ~dentz~y Q and g‘. It is easy to see that the 
characteristic variety of XT can be expressed as 
(1) SS(K) = i3i TG;g 
iso 
with some Ad(G)-orbit Oi where 00 = 0, Oi c 6, and TG,g is the conormal 
bundle of Oi. Identify the cotangent bundles of g and g’ with g x g’: 
T’g = T’g” = g x g*. 
Then we get 
(2) SS(Fz‘q = S&S(K) 
from [5, Theorem 3.21; in fact, in order to apply this theorem to the present sit- 
uation, we need to know that 
(3) K is monodromic. 
We shall explain this point in the next section. Because 
we get from (1) and (2) that 
(4) SSVK) = ibo T;,g’. J 
Now we identify g and g’ by the Killing form. From a result of G. Lusztig 
11% 5 (WI, we get 
(5) FK=K, 
where F denotes the Sato-Fourier transformation [7, 3.7.81. In fact, Lusztig 
showed a variant of the identity (5) in Q!(gq;,@) with p := char(5,) >> 0, 
where F is replaced by the Deligne-Fourier transformation; from this variant, 
we can derive (5) roughly by showing that the Horn-space between both sides of 
(5) is compatible with the ‘reduction modulop’; see the proof of [3,3.5.3] for the 
technical detail. 
From (4) and (5), we get 
c;+-0, 
i=O 
In particular each 0: consists of nilpotent elements, and hence it folfows from 
(1.1) that 0: is distinguished. 
Now we assume that f, is a local system of rank one. Then as we shall see soon 
by a case study, our 0 is minimal among the distinguished nilpotent orbits with 
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respect o the inclusion relation of the closures. Therefore we conclude that no 
Oi (i # 0) actually appears, i.e., 
(6) --T-- SS(K) = To@. 
The actual case study to show the minimality of 0 goes as follows. The list of 
all (g, 0)‘s under consideration is as follows: 
(a) g = Al, and 0 is the regular nilpotent orbit. 
(b) g = $0~ and 0 has the Jordan blocks of sizes given by the partition N = 
1 + 3 + 5 +. . + (2n - 1). 
(c) g = SpN and 0 has the Jordan blocks of sizes given by the partition N = 
2+4+6+...+(2n). 
(d) B=&andOis2++0. 
(e) g = F4 and 0 is 02 + 00. 
(f) g = & and 0 is 20802. 
(g) 9 = E-I and 0 is 20O;OO. 
(h) 9 = Eg and 0 is 00~2000. 
In the case (a), 9 = si, has only one distinguished nilpotent orbit. In the cases 
(d)-(h), dim 0 is the smallest among the distinguished nilpotent 0’s. In the case 
(b) (resp. (c)), a nilpotent orbit is distinguished if the sizes of the Jordan blocks 
are given by the partition N = pl fp:! -t ps + such that pi > p2 > . . . and all 
pi’s are odd (resp. even). Let O,,,pZ... be the nilpotent orbit associated to such 
partition p1 +p2 + . . . . We can show that, if OPrP2... 1 041yZ . . . . then we have 
pi +~.~+p;>ql+..~ + qi for all i. From this fact we can derive the minimal- 
ity of our 0 in the cases (b) and (c) as well. 
To see the claim about the multiplicity, it is enough to notice that, locally 
near a point of 0, the regular holonomic ‘Pmodule corresponding to IC( 0, L) 
is the V-module generated by the S-function supported by 0. 0 
4. MONODROMIC SHEAVES 
Let G,, = C” act on a complex algebraic variety X. Let @X be the constant 
sheaf. 
Definition 4.1. A constructible Cx-module is monodromic if it is locally con- 
stant on every G&-orbit in X. 
Let O(UZx) be the derived category of the category of cC,y-modules, and let 
~~~~“~(~~) be its full subcategory consisting of bounded complexes whose co- 
homology sheaves are constructible and monodromi~. 
Now assume that X is non-singular. Let 2) = D,Y be the sheaf of (algebraic) 
differential operators on X. Define the vector field 29 on X so that t&tcp(tx) = 
(@)(tx) for all functions cp and for all (1,x) E G, x X. 
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Definition 4.2. When X is an affine variety, a coherent D-module 3 on X is 
monodromic if dim C[& u is finite for all 24 E r(X, 3). 
When X is not necessarily affine, take a covering X = lJi Xi by affine open 
subsets Xi preserved by the Gm-action. (Cf. [12, Corollary 21.) A coherent D- 
module 3 on X is monodromic if 3jx, are monodromic for all i. 
Let D(Dx) be the derived category of the category of Dx-modules, and let 
D,!h,mon(Dx) be its full subcategory consisting of bounded complexes whose 
cohomology sheaves are regular, holonomic and monodromic. 
The following fact seems well known. (Cf. [2, $51.) 
Lemma 4.3. Let X be a non-singular complex algebraic variety. The de Rham 
functor induces an equivalence of categories 
4.4. Proof of $3, (3). The Ad(G)-orbit decomposition of the nilpotent variety of 
g gives its Whitney stratification (cf. [6, p. 116, 1.2 from bottom-p.1 17, 1.31). 
Therefore using Thorn’s isotopy theorem (cf. [6, p. 148]), we can show that 
ZC( 0, L) is locally constant on each nilpotent orbit. Now notice that every nil- 
potent orbit is a union of G,-orbits, because Ad(expCh)x = Cxx for any &- 
triple x, h, y. Therefore K = IC(G, L) is locally constant on every &,-orbit. 0 
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